ON THE SQUARE-FREENESS OF FERMAT AND MERSENNE NUMBERS

LE ROY J. WARREN AND HENRY G. BRAY
It has been conjectured that the Fermat and Mersenne numbers are all square-free. In this note it is shown that if some Fermat or Mersenne number fails to be square-free, then for any prime p whose square divides the appropriate number, it must be that 2 P " 1 = 1 (mod p 2 ). At present there are only two primes known which satisfy the above congruence. It is shown that neither of these two primes is a factor of any Fermat or Mersenne number. ). Throughout, "p" and "g" will denote odd primes; "n" is a positive integer other than 1; "2Rp" indicates that 2 is a quadratic residue modulo p; "o(2, p)" is the exponent to which 2 belongs modulo p; and F n = 2 2n + 1 and M q = 2* -1. Our result follows immediately from the following theorem which proves a bit more than has been indicated so far.
. Now 2 P~1 = 1 (mod p) which implies that 2 n+1 \ (p -1) and
Hence 2Rp and by Euler's criterion 2
It follows that (2 2n+1 -1) | (2 {p~1)12 -1). Clearly F n I (2 2n+1 -1), and therefore F n \ (2 (ί) -1)/2 -1).
Let p I M q , then 2 ? Ξ1 (mod p) and 2 q+1 = 2 (mod p). Since q + 1 is even, we obtain that 2ϋ?p and therefore Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double spaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual faculty members of supporting institutions and to individual members of the American Mathematical Society: $4.00 per volume; single issues $1.50. Back numbers are available.
Subscriptions, orders for back numbers, and changes of address should be sent to Pacific Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17, Fujimi 2-chome, Chiyoda-ku, Tokyo, Japan.
PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
